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Abstract 
!%rSiI. J.. Characterization of signed graphs which are cellularly emheddahle in no more than 
one surface. Discrete Mathematics 94 (1991) 39-44. 
We consider embeddings of signed graphs in which the balanced cycles of .he graph mducs 
orientation-preserving cycles on the surface. and characterize those signed graphs which are (in 
this sense) cellularly emheddahle in a unique closed surface. 
1. Introduction 
In [2], Nordhaus et al. characterized the graphs whose orientable genus is equal 
to their maximum orientable genus: These are precisely the connected graphs in 
which no two cycles share a common vertex. The non-orientable counterpart to 
this res& Lr Lt‘nnected graphs G with at least one cycle follows at once from [4], 
For such G, the bmallest genus of a non-orientable surface into which G embeds 
cellularly is equal to its maximum csn-orientable genus if and only if G is 
unicyclic. In this way, graphs which are cellularly embeddable in no more than 
one orientable (non-orientable) closed surface are completely described. 
The aim of this paper is to study similar problems within a more general frame 
of the theory of signed graph embeddings, whose fundamentals are due to 
Zaslavaky [7-S]. A s&led graph is a graph whose each edge is sigriid + 1 or - 1. 
A walk of a signed graph is positive if the product of signs of edges along the walk 
is + 1; otherwise it is negative. A subgraph of a signed graph is called hal~~~e~ if 
every closed walk in the subgraph is positive; in the opposite case the subgraph :s 
unbalanced. In particular, a cycle is balanced (as a subgraph) if and only if it is 
positive (as a walk). 
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Topologically, a connected signed graph could have many 2-cell embeddings in 
closed surfaces. However, we shall be interested only in those where the positive 
closed walks of the graph correspond to orientation-preserving walks on the 
surface. To be precise, from now on by an embedding i : G + S of a connected 
signed graph G in a closed surface S we shall understand a topological 2-cell 
embedding such that, for each cycle C in G, C is balanced if and only if its image 
i(C) is an orientation-preserving curve on S. (Such embeddings are called 
orientation embeddings in [7] .) 
Let us note that such a definition of signed graph embeddings is very natural 
also from another point of view. Namely, each 2-cell topological embedding of 
an ordinary unsigned graph can be described by means of a generalized 
embedding scheme [3-41. As a part of the scheme, the underlying graph is 
endowed with a signing of its edges such that balanced cycles induce orientation- 
preserving polygons in the embedding. 
After proving some auxiliary results on extensions of signed graph embeddings, 
in Section 3 we characterize all connected signed graphs which admit a 2-cell 
embedding (in the sense defined above) in a unique closed surface. As shown in 
Section 4, the result of [2] follows from our characterization as a special case. 
2. Preliminaries 
Two closed surfaces of the same genus and the same orientability characteristic 
will be considered to be equal; otherwise they will be referred to as different. A 
face F of a cellularly embedded signed graph will be called universal if every 
vertex of the graph appears on the boundary of F. 
Observe that if G is a connected signed graph in which no two cycles share a 
common vertex (i.e., a cactus with all cycles disjoint) then G always has an 
embedding with a universal face. Intuitively, these graphs are bound to be 
cellularly embeddable in a unique surface (= surface of a unique genus and 
orientability characteristic). We postpose the proof of this fact to the next section. 
Here we concentrate on developing a method of extending signed graph 
embeddings. 
BLemmr~ I. Let G be a signed graph containing two adjacent edges e and f such that 
the graph H = G - e - f is connected. Assume that the (signed) graph H has an 
embedding with a universal face. Then G embeds (cellularly) in at least two 
different closed surfaces. 
Pmof. Let e = us, f = ut be edges of G with the required property, and let F be 
the universal face of the embedding of H. Obviously, the boundary of F is a 
closed walk W in H which can be expressed in the form W = (ABC) where A is 
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Fig. 1. 
an s - u walk, B a u - t walk, and C a t - s walk in H. We shall distinguish three 
cases according to the signs of the edges e and J 
(1) Suppose that the signs of e and f are such that both closed walks (eA) and 
(jB) are negative. Then the embedding of H can be extended to a 2-cell 
embedding of G in two different closed surfaces by inserting one or two crosscaps 
into F, as indicated in Fig. l(a) and l(b). 
(2) Assume that exactly one of the closed walks (eA), (fB) is negative, say, 
(fB). As above, using one or two new crosscaps inside F, the embedding of H 
gives rise to two different embeddings of G (Fig. 2(a) and 2(b)). Note that the 
positive closed walk (eA) passes here through an even number of crosscaps (0 or 
2), thus in both cases it is orientation-preserving, in accordance with the 
definition of a signed graph embedding. 
Fig. 2. 
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(3) Finally, let both closed walks (eA) and (fB) be positive. Then we may draw 
e and f directly into F to obtain an embedding of G in the same surface where If 
has been embedded. However, we can equally well attach a handle to F, which 
yields a cellular embedding of G in another surface (Fig. 3). 
Since all possibilities have been covered, Lemma 1 follows. Cl 
The reader may have observed that in the embeddings on Figs. l(b), 2(b) and 
3, the original universal face F was transformed into a universal face in the new 
Fig: 3. 
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embedding of G. In other words, the property of “being embeddable with a 
universal face” can be preserved by adding pairs of adjacent edges (irrespective 
of their signs). We shall make use of this fact in the next section. 
3. Main results 
We start with a result concerning universal faces. 
Lemma 2. Let G be a connected signed graph. Then G has an embedding with a 
universal face. Moreover, if G contains two intersecting cycles then it embeds in at 
least two different surfaces. 
Proof. As mentioned in the preceding section, every signed cactus whose cycles 
are disjoint has an embedding with a universal face. We shall proceed by 
induction on the number of edges of G. If G is a connected signed graph and not 
a cactus with disjoint cycles, then there is a vertex u in G of valency at least 3 
which is contained in at least two cycles of G, say, C and D, and is incident to at 
least 3 edges of C U D. Choose an edge e in C - D and another edge f in D - C 
scuh that both e and f are incident with the vertex u. Clearly, the graph 
H = G - e -f is a connected signed graph. By the induction hypothesis, H admits 
an embedding with a universal face F (regardless of whether the cycles of H are 
disjoint or not). But now Lemma 1 can be applied to obtain two embeddings of 
H + e + f = G not in the same closed surface, and what is more, one of them 
contains a universal face again. This finishes the induction step. Cl 
Now we have enough tools to prove the following characterization of 
‘unique-genus embeddable’ signed graphs. 
Theorem 1. Let G be a connected signed graph. Then G embeds cellularly in a 
unique closed surface if and only if every two cycles of G are disjoint. 
Proof. If G embeds cellularly in a unique closed surface then, by Lemma 2, any 
two cycles of G must be disjoint. Conversely, let G be a signed graph whose 
cycles are disjoint. Let us proceed by induction on the number of cycles in G. The 
case where G contains at most one cycle is obvious-if the cycle is balanced 
(unbalanced) then the graph embeds cellularly only in the sphere (only in the 
projective plane). Thus, assume that G contains at least two cycles. Then there is 
a bridge e in G such that both components H, and HZ of G - e contain at least 
one cycle. 
Consider an arbitrary 2-cell embedding of the signed graph G in a closed 
surface S. Draw on S a simple closed curve X which intersects the embedded 
graph in precisely one point, namely, in an interior point of e. Since the 
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embedding of G is cellular and e is a bridge, a standard homology argument (see 
[5] for details) chows that the curve X must be a zero-homologous cycle on S. 
This in turn implies that cutting S along X results in splitting of S into two 
surfaces, each of them with boundary homeomorphic to X. It is easy to see that 
capping the ‘hole’ (bounded by the cycle homeomorphic to X) in each of these 
surfaces yields two closed surfaces S1 and S, in which the components H1 and HZ 
of G - e are 2-cell embedded. Moreover, it is clear from the above surgery 
construction that the original surface S is a connected sum of S1 and S2 [l]. 
Observe now that both H1 and HZ are cacti whose cycles are disjoint, and each 
of &, H. has fewer cycles than G. Applying our induction hypothesis we see that 
the closed surfaces S1 and & are uniquely determined. Hence, the surface S, 
being a connected sum of St and S2, must be unique, too (recall that we have 
started with an arbitrary embedding of G on S). This completes the induction 
step as well as the proof of Theorem 1. 0 
Denote by y”(G)[y&(G)] the minimum [maximum] Euler genus of a surface 
into which G embeds cellularly (as a signed graph). The method of proving 
Theorem 1 leads directly to the following restatement of the main result. 
Corollary. Let G be a connected signed graph. Then, y”(G) = y&(G) = h if and 
only if G is a cactus containing exactly h unbalanced cycles and no pair of 
intersecting cycles. 
4. Remarks 
According to the definition of a signed graph embedding, a connected signed 
graph embeds cellularly in an orientable surface if and only if the graph is 
balanced. But then, it is a consequence of our corollary that a connected graph 
has orientable genus equal to maximum orientable genus if and only if both these 
quantities are zero. By the same corollary, this occurs if and only if the graph 
contains no intersecting cycles. Thus, as a special case of our characterization we 
have obtained the result of Nordhaus et al. [2]. (Note however that our 
method-ven when reduced to balanced graphs-is entirely different from that 
used in [2].) 
Another possible approach to proving the corollary could consist in establishing 
an additivity result for the maximum genus of signed graphs. Indeed, it can be 
readily verified that the same homology-based argument as used in the proof of 
Theorem I yields immediately the following result. 
Thearem 2. Let H be a signed graph comprising n connected components 
G,,Gw.., G,. Let G be a connected signed graph obtained from H by adding 
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n - 1 bridges. Then 
Again, as a special case (for balanced graphs) we get the additivity formula for 
orientable maximum genus ([2, Theorem 21). A non-orientable analog of this 
result (for unsigned graphs) follows trivially from [4]. 
Finally, let us remark that Theorem 2 can easily be obtained also from a 
characterization of maximum genus of signed graphs given in [6]. 
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